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SOLUTION OF FRACTIONAL DISTRIBUTED ORDER
REACTION-DIFFUSION SYSTEMS WITH SUMUDU TRANSFORM.
K S NISAR, Z.M. GHARSSELDIEN, AND F.B.M. BELGACEM
Abstract. The solution of some fractional differential equations is the hottest topic in
fractional calculus field. The fractional distributed order reaction-diffusion equation is the
aim of this paper. By applying integral transform to solve this type of fractional differential
equations, we have obtained the analytical solution by using Laplace-Sumudu transform.
Key words :Laplace Transform, Sumudu transform, Reaction-Diffusion Systems, Mittag-
Leffler function
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1. Introduction
In recent decades, researchers care study and applications of fractional calculus, which
is considered one of the most interesting topics in applied mathematics. The applications
of fractional integral operator involving various special functions has found in various sub
fields such as statistical distribution theory, control theory, fluid dynamics, stochastic dy-
namical system, plasma, image processing, nonlinear biological systems, astrophysics, and
in quantum mechanics (see [2], [13], [3]). The great use of different transforms in quan-
tum mechanics gives wide variety of results, so it attracted mathematicians and physicists
to pay more attention ([14]-[16]). Many more related works found in ([18], [21], [22], [23],
[24],[10],[11],[8],] and there in.
2. Mathematical background
Starting this section, by providing the definition of Laplace transform and its inverse, then
the definition of Sumudu transform and its inverse for the function of function f(x, t). these
definitions are given as:
If a continuous or piecewise continuous function f(x, t) is assumed as a function of order
(et) when t→∞, then the Laplace transform with respect to t and its inverse with respect
to s is respectively given by
L{f(x, t); s} = F(x, s) =
∫ ∞
0
e−stf(x, t)dt, (t > 0), (x ∈ R) (2.1)
Key words and phrases. Laplace Transform, Sumudu transform, Reaction-Diffusion Systems, Mittag-
Leffler function.
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such that, ℜ(s) > 0, and
L−1{F(x, s)} = f(x, t) = 1
2pii
∫ ν+i∞
ν−i∞
estF(x, s)ds, (2.2)
where ν ∈ R is fixed.
In this paper, we concern our attention to two definitions based on Riemann-Liouville
(R-L) definition of fractional integral of order ν > 0 which given by [17],
0I
ν
t f(x, t) =
1
Γ(ν)
∫ t
0
f(x, u)
(t− u)1−ν du whereℜ(ν) > 0
0I
0
t f(x, t) = f(x, t) (2.3)
• ) The first one is Riemann-Liouville definition of fractional derivative of order α > 0,
and it may be given as follows [20]
0D
α
t f(x, t) =
dm
dtm
(
0I
m−α
t f(x, t)
)
, (t > 0), (m = [α + 1]) (2.4)
where [α] is the integer part of the number α.
• ) The second is Caputo derivative [6], given in the form
c
0D
α
t f(x, t) =
{
0I
m−α
t f
(m)(x, t), where m− 1 < α ≤ m,Re(α) > 0, m ∈ N ;
f (m)(x, t), where α = m.
. (2.5)
where f (m)(x, t) =
∂mf
∂tm
is mth .
The Laplace transform of both definitions[19]:
L{0Dαt f(x, t); s} = sαF(x, s)−
m∑
r=1
sr−1 0D
α−r
t f(x, t)|t=0. (2.6)
L{c0Dαt f(x, t); s} = sαF(x, s)−
m−1∑
r=0
sα−r−1f (r)(x, 0+) (2.7)
where m− 1 < α ≤ m, and ℜ(s) > 0.
The Sumudu transform over the set functions
A =
{
f(t)
∣∣∃ M, τ1, τ2 > 0, |f(t)| < Me|t|/τj , if t ∈ (−1)j × [0,∞)}
is defined by
G(u) = S [f(t)] =
∫ ∞
0
f(ut)e−tdt, u ∈ (−τ1, τ2) (2.8)
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The detailed literature of Sumudu transform is found in ([1],[4],[5]). The following results
due to [26]
S−1
[
uγ−1(1− wuβ)−δ] = tγ−1Eδβ,γ(wtβ) (2.9)
by interpreting it with the help of the formula S−1 [un : t] = t
n
Γ(n+1)
,gives
S−1
[
u−ρ
u−α + λu−β + b
]
=
∞∑
r=0
(−λ)rt(α−β)r+α−ρEr+1α,α+(α−β)r−ρ+1(−btα) (2.10)
and for λ = 0 we get
S−1
[
u−ρ
u−α + b
]
= tα−ρE1α,α−ρ+1(−btα) (2.11)
where Eδα,β(z) is the Mittag-Leffler function [9] is in the form
Eδα,β(z) =
∞∑
n=0
(δ)nz
n
Γ(nα + β)n!
, (α, β, δ ∈ C,ℜ(α) > 0,ℜ(β) > 0,ℜ(δ) > 0) (2.12)
where (δ)n is Pochhammer symbol.The Sumudu convolution theorem in [5] is
S−1 [u S[ψ(t)]S[φ(t)]] = (ψ ∗ φ)(t) =
∫ t
0
ψ(ξ)φ(t− ξ)dξ (2.13)
The Sumudu transform of the Riemann-Liouville derivative [4] is given as:
S [0D
α
t f(x, t); u] = u
−α
F(x, u)−
m∑
k=1
[
0D
α−k
t f(x, t)
]
t=0
uk
, (m− 1 < α ≤ m) (2.14)
and for Caputo’s derivative is given as:
S
[
C
0D
α
t f(x, t); u
]
= u−αF(x, u)−
m−1∑
k=0
1
uα−k
[
∂kf(x, t)
∂tk
]
t=0
, (m− 1 < α ≤ m) (2.15)
3. Main Results
Here we deals with the solution of fractional of reaction diffusion equation
Theorem 1. The one dimensional fractional non-homogeneous reaction diffusion system is
defined by
0D
α
t N(x, t) =
n∑
j=1
µj xD
γj
θj
N(x, t) + φ(x, t) (3.1)
where t > 0, x ∈ R, and, the parameters α, θ1, ..., θn, γ1, ..., γn are real. These parameters
satisfy the following condition:
µj > 0, 0 < γj ≤ 2, j = 1, 2, ..., n, |θj | ≤ min
1≤j≤n
(γj, 2− γj), 1 < α ≤ 2 (3.2)
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with initial conditions(
0D
α−1
t N(x, t)
0D
α−2
t N(x, t)
)
t=0
=
(
f(x)
g(x)
)
, x ∈ R, lim
x→±∞
N(x, t) = 0, t > 0 (3.3)
where 0D
ν
tN(x, t) is the R-L fractional derivative of N(x, t) with respect to t of order ν.
The Riesz-Feller (R-L) space fractional derivative xD
γ1
θ1
, ...,xD
γn
θn
with asymmetries θ1, ..., θn
respectively,µ1,...,µn are arbitrary constants, and, the functions f(x), g(x) and φ(x, t) are
given. Then the solution of (3.1) is:
N(x, t) =
tα−1√
2pi
∫ +∞
−∞
e−ikxEα,α[−b(k)tα]f ∗(k)dk
+
tα−2√
2pi
∫ +∞
−∞
e−ikxEα,α−1[−b(k)tα]g∗(k)dk
+
1√
2pi
∫ t
0
ξα−1
∫ +∞
−∞
Eα,α[−b(k)ξα]e−ikxφ∗(k, t− ξ)dkdξ (3.4)
where Eα,β(.) is defined in (2.12)
Proof. By using Sumudu transform with the variable t and applying the given conditions
(3.2) and (3.3) we get
S [0D
α
t N(x, t); u] = S
[
n∑
j=1
µj xD
γj
θj
N(x, t); u
]
+ S [φ(x, t); u]
u−αN(x, u)−
[
0D
α−1
t N(x, 0)
u
]
−
[
0D
α−2
t N(x, 0)
u2
]
=
n∑
j=1
µj xD
γj
θj
N(x, u) + Φ(x, u)
u−αN(x, u)− u−1f(x)− u−2g(x) =
n∑
j=1
µj xD
γj
θj
N(x, u) + Φ(x, u)
where S[φ(x, t); u] = Φ(x, u) denotes Sumudu transform. The integral representation of
(R-L) in x domain [25] is
xD
γj
θj
f(x) =
Γ(1 + γj)
pi
sin[(γj + θj)
pi
2
]
∫ ∞
0
f(x+ η)− f(x)
η1+γj
dη
+
Γ(1 + γj)
pi
sin [(γj − θj)pi
2
]
∫ ∞
0
f(x− η)− f(x)
η1+γj
dη
By using Fourier-Transform with the variable x, we get
F
[
u−αN(x, u)− u−1f(x)− u−2g(x)] = F
[
n∑
j=1
µj xD
γj
θj
N(x, u) + Φ(x, u)
]
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u−αN∗(k, u)− u−1f ∗(k)− u−2g∗(k) = −
n∑
j=1
µj Ψ
γj
θj
(k)N∗(k, u) + Φ∗(k, u)
where * denoted by the Fourier transform. For R-L fractional derivative the Fourier trans-
form is
F
[
xD
γj
θj
f(x); k
]
= −Ψγjθj (k)f ∗(k) (3.5)
such that
Ψ
γj
θj
(k) = |k|γj exp[i sign(k)θjpi
2
], 0 < γj ≤ 2, |θj| ≤ min{γj, 2− γj} (3.6)
Solving N∗(k, u) yields,
N
∗(k, u)
[
u−α +
n∑
j=1
µj Ψ
γj
θj
(k)
]
= u−1f ∗(k) + u−2g∗(k) + Φ∗(k, u)
N
∗(k, u) =
u−1f ∗(k)
u−α + b(k)
+
u−2g∗(k)
u−α + b(k)
+
Φ∗(k, u)
u−α + b(k)
where b(k) =
∑n
j=1 µj Ψ
γj
θj
(k)
Applying the the inverse Sumudu transform and using the convolution theorem for the
last term (2.10)
S−1[N∗(k, u)] = f ∗(k)S−1
[
u−1
u−α + b(k)
]
+ g∗(k)
× S−1
[
u−2
u−α + b(k)
]
+ S−1
[
u
(
u−1
u−α + b(k)
)
Φ∗(k, u)
]
and the result given in ,we get
N∗(k, t) = tα−1Eα,α[−b(k)tα]f ∗(k) + tα−2Eα,α−1[−b(k)tα]g∗(k)
+
∫ t
0
φ∗(k, t− ξ)ξα−1Eα,α[−b(k)ξα]dξ
Finally using the inverse Fourier transform, we get the required result. 
3.1. Particular cases: If we take θ1 = θ2 = ... = θn = 0 then, instead of b(k) we get
σ(k) =
n∑
j=1
µjΨ
γj
0 (k) =
n∑
j=1
µj |k|γj = Ck2
such that C is constant given by C =
∑n
j=1 µj and we have the following corollaries.
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Corollary 3.1. Consider
0D
α
t N(x, t) =
n∑
j=1
µj xD
γj
0 N(x, t) + φ(x, t) (3.7)
which is the one dimensional non homogeneous unified fractional reaction diffusion model
associated with time derivative 0D
α
t and Riez space derivatives xD
γ1
0 , ...,xD
γn
0 , n ∈ N ,t>
0, x ∈ R;α, γ1, ..., γn are real parameters with constraints
µj > 0, 0 < γj ≤ 2, j = 1, 2, ..., n, 1 < α ≤ 2 (3.8)
with initial condition(
0D
α−1
t N(x, t)
0D
α−2
t N(x, t)
)
t=0
=
(
f(x)
g(x)
)
, x ∈ R, lim
x→±∞
N(x, t) = 0, t > 0 (3.9)
then the following formula hold true
N(x, t) =
tα−1√
2pi
∫ +∞
−∞
e−ikxEα,α[−σ(k)tα]f ∗(k)dk
+
tα−2√
2pi
∫ +∞
−∞
e−ikxEα,α−1[−σ(k)tα]g∗(k)dk
+
1√
2pi
∫ t
0
ξα−1
∫ +∞
−∞
Eα,α[−σ(k)ξα]e−ikxφ∗(k, t− ξ)dkdξ (3.10)
Corollary 3.2. If consider g(x) = 0 under the condition
µj > 0, 0 < γj ≤ 2, j = 1, 2, ..., n, |θj | ≤ min
1≤j≤n
(γj, 2− γj), 0 < α ≤ 1 (3.11)
with initial condition
0D
α−1
t N(x, 0) = δ(x),0D
α−2
t N(x, 0) = 0, x ∈ R, lim
x→±∞
N(x, t) = 0, t > 0 (3.12)
then the following formula hold true
N(x, t) =
tα−1
2pi
∫ +∞
−∞
e−ikxEα,α[−b(k)tα]dk
+
1√
2pi
∫ t
0
ξα−1
∫ +∞
−∞
Eα,α[−b(k)ξα]e−ikxφ∗(k, t− ξ)dkdξ (3.13)
Theorem 2. Consider the following fractional order unified one-dimensional non-homogeneous
reaction diffusion equation
0D
α
t N(x, t) + λ 0D
β
t N(x, t) =
n∑
j=1
µj xD
γj
θj
N(x, t) + φ(x, t) (3.14)
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where t > 0, λ, x ∈ R, α, β, θ1, ..., θn, γ1, ..., γn are real parameters with the conditions:
µj > 0, 0 < γj ≤ 2, j = 1, 2, ..., n, |θj | ≤ min
1≤j≤n
(γj , 2− γj), 1 < α ≤ 2, 1 < β ≤ 2 (3.15)
with initial conditions
0D
α−1
t N(x, 0) = f1(x), 0D
α−2
t N(x, 0) = g1(x),
0D
β−1
t N(x, 0) = f2(x), 0D
β−2
t N(x, 0) = g2(x)
, x ∈ R, lim
x→±∞
N(x, t) = 0, t > 0 (3.16)
then the following formula holds true:
N(x, t) =
∞∑
r=0
[
(−λ)rt(α−β)r+α−1√
2pi
∫ ∞
−∞
(
e−ikx [f ∗1 (k) + λf
∗
2 (k)]E
r+1
α,α+(α−β)r [−b(k)tα]
)
dk
]
+
∞∑
r=0
[
(−λ)rt(α−β)r+α−2√
2pi
∫ ∞
−∞
(
e−ikx [g∗1(k) + λg
∗
2(k)]E
r+1
α,α+(α−β)r−1[−b(k)tα]
)
dk
]
+
∞∑
r=0
[
(−λ)r√
2pi
∫ ∞
−∞
(
e−ikx
∫ t
0
φ∗(k, t− ξ)ξ(α−β)r+α−1Er+1α,α+(α−β)r[−b(k)ξα]dξ
)
dk
]
Proof. Applying the Sumudu transform with respect to time variable t and using (3.15) and
(3.16) we get
S
[
0D
α
t N(x, t) + a 0D
β
t N(x, t); u
]
= S
[
n∑
j=1
µj xD
γj
θj
N(x, t); u
]
+ S [φ(x, t); u]
u−αN(x, u)−
[
0D
α−1
t N(x, 0)
u
]
−
[
0D
α−2
t N(x, 0)
u2
]
+λu−βN(x, u)− λ
[
0D
β−1
t N(x, 0)
u
]
− λ
[
0D
β−2
t N(x, 0)
u2
]
=
n∑
j=1
µj xD
γj
θj
N(x, u) + Φ(x, u)
(u−α + λu−β)N(x, u)− (f1(x) + λf2(x))
u
− (g1(x) + λg2(x))
u2
=
n∑
j=1
µj xD
γj
θj
N(x, u) + Φ(x, u)
Applying the Fourier-Transform with respect to the space variable x , we get
F
[
(u−α + λu−β)N(x, u)− (f1(x) + λf2(x))
u
− (g1(x) + λg2(x))
u2
]
= F
[
n∑
j=1
µj xD
γj
θj
N(x, u) + Φ(x, u)
]
[
u−α + λu−β
]
N
∗(k, u)− f
∗
1 (k) + λf
∗
2 (k)
u
− g
∗
1(k) + λg
∗
2(k)
u2
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= −
n∑
j=1
µj Ψ
γj
θj
(k)N∗(k, u) + Φ∗(k, u)
Solving N∗(k, u) yields,
N
∗(k, u)
[
u−α + λu−β +
n∑
j=1
µj Ψ
γj
θj
(k)
]
=
f ∗1 (k) + λf
∗
2 (k)
u
+
g∗1(k) + λg
∗
2(k)
u2
+ Φ∗(k, u)
N
∗(k, u) =
u−1(f ∗1 (k) + λf
∗
2 (k))
u−α + λu−β + b(k)
+
u−2(g∗1(k) + λg
∗
2(k))
u−α + λu−β + b(k)
+
Φ∗(k, u)
u−α + λu−β + b(k)
where b(k) =
∑n
j=1 µj Ψ
γj
θj
(k) Applying the the inverse Sumudu transform and using the
convolution theorem for the last term (2.10)
S−1[N∗(k, u)] = (f ∗1 (k) + λf
∗
2 (k))S
−1
[
u−1
u−α + λu−β + b(k)
]
+ (g∗1(k) + λg
∗
2(k))S
−1
[
u−2
u−α + λu−β + b(k)
]
+S−1
[
u
(
u−1
u−α + λu−β + b(k)
)
Φ∗(k, u)
]
we get
N∗(k, t) = [f ∗1 (k) + λf
∗
2 (k)]
∞∑
r=0
(−λ)rt(α−β)r+α−1Er+1α,α+(α−β)r[−b(k)tα]
+ [g∗1(k) + λg
∗
2(k)]
∞∑
r=0
(−λ)rt(α−β)r+α−2Er+1α,α+(α−β)r−1[−b(k)tα]
+
∞∑
r=0
(−λ)r
∫ t
0
φ∗(k, t− ξ)ξ(α−β)r+α−1Er+1α,α+(α−β)r[−b(k)ξα]dξ
Finally applying the inverse Fourier transform, we get
N(x, t) =
∞∑
r=0
[
(−λ)rt(α−β)r+α−1√
2pi
∫ ∞
−∞
(
e−ikx [f ∗1 (k) + λf
∗
2 (k)]E
r+1
α,α+(α−β)r [−b(k)tα]
)
dk
]
+
∞∑
r=0
[
(−λ)rt(α−β)r+α−2√
2pi
∫ ∞
−∞
(
e−ikx [g∗1(k) + λg
∗
2(k)]E
r+1
α,α+(α−β)r−1[−b(k)tα]
)
dk
]
+
∞∑
r=0
[
(−λ)r√
2pi
∫ ∞
−∞
(
e−ikx
∫ t
0
φ∗(k, t− ξ)ξ(α−β)r+α−1Er+1α,α+(α−β)r[−b(k)ξα]dξ
)
dk
]

To get the results of theorem (1) we expand the summation into two parts r = 0 and∑∞
r=1, then we substitute by λ = 0
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